We investigate closed subgroups G ⊆ Sp 2g (Z2) whose modulo-2 images coincide with the image S2g+1 ⊆ Sp 2g (F2) of S2g+1 or the image S2g+2 ⊆ Sp 2g (F2) of S2g+2 under the standard representation. We show that the only closed subgroup G ⊆ Sp 2g (Z2) surjecting onto S2g+2 is its full inverse image in Sp 2g (Z2), and we classify the modulo-4 images of all closed subgroups G ⊆ Sp 2g (Z2) surjecting onto S2g+1. We also prove a corollary concerning even-degree polynomials with full Galois group which is very elementary to state.
Introduction
Let d be a positive integer, and let S d denote the symmetric group on d points. We have the well-known standard representation of S d over F 2 , which is define as in [5, (2.2) ]. Namely, given an F 2 -vector space W of dimension d and an ordered basis {e 1 , ..., e g }, there is an obvious left action of S d defined by σ e i = e σ(i) for σ ∈ S d and 1 ≤ i ≤ d. The subspace
where each e * i : W → F 2 is the ith coordinate map, is clearly invariant under this action of S d . Moreover, if d is even, the element w 0 ∈ W whose coordinates with respect to our fixed basis are all 1's lies in W 0 and is fixed by S d , thus inducing a representation of S d on W 0 / w 0 . The standard representation when d is odd (resp. when d is even) is the induced representation of S d onV := W 0 (resp. onV := W 0 / w 0 ). Note that in both cases,V has dimension 2g, where g = ⌊(d − 1)/2⌋.
Since any element of W 0 can be written as Σ i∈I e i where I ⊆ {1, ..., d} is an even-cardinality subset, each element ofV is determined by such a subset I. We will therefore denote the element ofV given by the subset I by v I , keeping in mind that when d is odd (resp. even), we have v I = v I ′ if and only if I = I ′ (resp. I = I ′ or I = {1, ..., d} I ′ ). We have an alternating bilinear pairing ·, · :V ×V → F 2 given by setting v I , v I ′ to be the cardinality of the intersection I ∩ I ′ modulo 2. It is immediate to check that the action of S d respects this pairing, and therefore, each σ acts onV as a symplectic automorphism ofV with respect to ·, · . We therefore write ρ : S d → Sp(V ) to denote the standard representation of S d , where Sp(V ) := {ϕ ∈ Aut(V ) | ϕ v, ϕ w = v, w , v, w ∈V } is the group of symplectic automorphisms with respect to the alternating form ·, · . We denote the image of ρ by S d ⊆ Sp(V ). It is well known that ρ is injective if and only if d = 4 and that ρ is surjective if and only if d ∈ {3, 4, 6}, so in particular, Sp(V ) = S 3 = S 4 ∼ = S 3 when g = 1 and Sp(V ) = S 6 ∼ = S 6 when g = 2.
Given a free Z 2 -module V of rank 2g and an alternating Z 2 -bilinear pairing on V , on identifyinḡ V with V /2V and assuming that the pairing on V induces the pairing ·, · onV , it is natural (for instance, in the abelian variety context discussed below) to consider the properties of subgroups G ⊆ Sp(V ) whose images modulo 2 coincide with S d . We will now present our main result, which classifies these liftings modulo 4. on V /2V . For each integer n ≥ 1, we denote the reduction-modulo-2 n map by ̟ 2 n : Sp(V ) → Sp(V /2 n V ) = Sp(V )/Γ(2 n ); if m > n is another integer, we write ̟ 2 m →2 n : Sp(V /2 m V ) ։ Sp(V /2 n V ) for the induced reduction-modulo-2 n map. These maps are well known to be surjective. For each n ≥ 1, we write Γ(2 n ) ✁ Sp(V ) for the kernel of ̟ 2 n , the level-2 n principal congruence subgroup.
Theorem 1.1. With V and S d ⊆ Sp(V /2V ) as above for some fixed d ≥ 3, let G ⊆ Sp(V ) closed under the 2-adic topology, and assume that we have ̟ 2 (G) ⊇ S d . a) If d ≥ 6 is even, then G coincides with the inverse image of ̟ 2 (G) under the reductionmodulo-2 map ̟ 2 ; it is thus an open subgroup of Sp(V ) under the 2-adic topology which contains
is odd, then the order of ̟ 4 (G) is at least d!·2 2g 2 −g . If moreover we have ̟ 2 (G) = S d and G ⊃ Γ(2), then the order of ̟ 4 (G) is exactly d! · 2 2g 2 −g , and the modulo-4 images of all such G are conjugate as subgroups of ̟ −1 4→2 (S d ). We remark that in a forthcoming revision, the author will show that under the hypothesis of the above theorem, we also have G ⊃ Γ(8) ✁ Sp(V ) when d ≥ 5 is odd and that the possible images ̟ 8 (G) (which again are all conjugate) may be classified in a similar way the classification of the images ̟ 4 (G) in Proposition 3.7(b) below.
We establish some preliminary results needed to prove the above theorem in §2; we give a full proof of Theorem 1.1 in §3; and we discuss an elementary application to even-degree polynomials with full Galois group in §4. Before moving on to §2, however, we describe the main motivation for this problem.
1.2.
Application to abelian varieties. The context which led the author to the problem of lifting symmetric groups to subgroups of Sp 2g (Z 2 ) is as follows. Let K be a field of characteristic different from 2, and let f (x) ∈ K[x] be a squarefree polynomial of degree d ≥ 3 with Galois group Gal(f ); we denote the splitting field of f by L. To the hyperelliptic curve defined by the equation y 2 = f (x), there is the associated 2-adic Tate module T 2 , which is a free Z 2 -module of rank 2g (where g, the genus of the curve, is again ⌊(d−1)/2⌋), and which comes endowed with an alternating Z 2 -bilinear pairing e 2 : T 2 × T 2 → Z 2 called the Weil pairing (here we are defining it with respect to the canonical principal polarization on the Jacobian). The image modulo 2 is identified with the even-cardinality subsets of the roots α 1 , ..., α d ∈K of the polynomial f , where subsets I and I ′ are identified if I ′ = {α 1 , ..., α d } I in the case that d is even. We may therefore identify the modulo-2 image of T 2 with the spaceV defined at the start of §1.1 in an obvious way, and it is known that the F 2 -bilinear pairing ·, · onV described there is the one induced by the modulo-2 reduction of e 2 . There is a natural representation of the absolute Galois group Gal(K/K) on T 2 which respects the pairing e 2 up to homothety (in fact, the Galois automorphisms fixing all 2-power roots of unity inK act on T 2 as elements of Sp(T 2 )). Its image in Aut(T 2 ), which we denote by G 2 , is closed under the 2-adic topology. It is well known that the induced action of Gal(K/K) on T 2 /2T 2 factors through Gal(L/K) = Gal(f ) ⊆ S d , which acts on T 2 /2T 2 through the standard representation ρ : S d → Sp(T 2 /2T 2 ). In particular, the modulo-2 image of G 2 ∩ Sp(T 2 ) coincides with S d ⊆ Sp(T 2 /2T 2 ) when Gal(f ) = S d . It would be interesting to know what kind of subgroup G 2 ∩ Sp(T 2 ) ⊆ Sp(T 2 ) may appear as the image of this 2-adic Galois representation intersected with Sp(T 2 ) in the case that our polynomial f has full Galois group. See [7, §2] for more details.
In [7] , Zarhin investigated ℓ-adic Galois representations associated to hyperelliptic curves over fields K of characteristic different from 2, defined by equations of the form
is a squarefree polynomial of degree d ≥ 5 with large Galois group. In particular, he showed (see [7, Theorems 2.4, 2.5, and 2.6]) that under certain hypotheses on the ground field K, the natural representation discussed above of the absolute Galois group Gal(K/K) on the associated 2-adic Tate module T 2 contains an open subgroup of Sp(T 2 ) provided that Gal(f ) contains a large enough subgroup of S d . Theorem 1.1 allows us to independently prove a stronger version of this statement in the case that Gal(f ) = S d for even d as follows.
Corollary 1.2. Let K be a field of characteristic different from 2, and let f (x) ∈ K[x] be a squarefree polynomial of even degree d ≥ 6. Let ρ 2 : Gal(K/K) → Aut(T 2 ) denote the natural action of the absolute Galois group of K on the 2-adic Tate module T 2 of the Jacobian of the hyperelliptic curve over K defined by the equation y 2 = f (x). Then the image G 2 of this representation contains the principal congruence subgroup Γ(2) ⊂ Sp(T 2 ) and thus, G 2 contains an open subset of Sp(T 2 ).
Proof. As was explained in the above discussion, the action of ρ 2 : Gal(K/K) → Aut(T 2 ) composed with the reduced-modulo-2 map Sp(T 2 ) ։ Sp(T 2 /2T 2 ) factors through Gal(f ) ⊆ S d , which acts on the 2g-dimensional F 2 -vector space T 2 /2T 2 through the standard representation of S d . Therefore, if Gal(f ) coincides with S d , the image modulo 2 of G 2 coincides with S d ⊆ Sp(T 2 /2T 2 ). Then by Theorem 1.1, the intersection G 2 ∩ Sp(T 2 ) contains the full subgroup Γ(2) ✁ Sp(T 2 ); in particular, 1.3. Acknowledgments. The author would like to thank Aaron Landesman (whose article [3] , co-authored with A. Swaminathan, J. Tao, and Y. Xu, helped to inspire this work) for helpful discussions and for providing computations which served as guidance to solving this problem.
Preliminaries
We retain all of the notation from §1; in particular, we let V be a free Z 2 -module of rank 2g equipped with a symplectic form ·, · and let G ⊆ Sp(V ) be a closed subgroup. Given any element a ∈ V , we define the transvection with respect to a to be the linear automorphism t a ∈ Sp(V ) given by v → v + v, a a. We define transvections similarly over the quotients V /2 n V , using the same notation t a ∈ Sp(V /2 n V ) for a ∈ V /2 n V . When a = v I ∈ V /2V corresponds to an even-cardinality subset I ⊆ {1, ..., d}, we simply write T I for T a . Below we will freely use the easily-verifiable fact that the image in S d any transposition (i, j) ∈ S d is the transvection t {i,j} . (In several places below we mildly abuse notation by expressing elements of End(V /2 n+1 V ) for some n ≥ 1 which are divisible by 2 n as 2 n times some element of End(V /2V ).)
In order to prove Theorem 1.1, it clearly suffices to prove the statement under the assumption that ̟ 2 (G) = S d for d = 2g + 1 or d = 2g + 2. We therefore assume that ̟ 2 (G) = S d for some fixed d ∈ {2g + 1, 2g + 2}. To avoid cumbersome arguments, we also assume for the rest of the paper that d = 4, so that the symmetric group S d may be identified with its image S d ∈ Sp(V /2V ) (when d = 4, we are simply reduced to the case of d = 3 because we have S 4 = S 3 ). We begin by looking more closely at the subgroups ̟ 2 n+1 (Γ(2 n )) ✁ Sp(V /2 n+1 V ) for n ≥ 1.
2.1. The groups ̟ 2 n+1 (Γ(2 n )). We now recall the following description of ̟ 2 n+1 (Γ(2 n )) for n ≥ 1. Let sp(V /2V ) denote the F 2 -vector space of endomorphisms of V /2V generated by the elements of the form T a := t a − 1 for all a ∈ V (the group variety sp gives the symplectic Lie algebra). It is well known (see [2, §A.3] ) that sp(V /2V ) has dimension 2g 2 + g and that the map sp(V /2V ) → ̟ 2 n+1 (Γ(2 n )) given by X → 1 + 2 n X is an isomorphism. Therefore, the multiplicative group ̟ 2 n+1 (Γ(2 n )) is an elementary abelian 2-group of rank 2g 2 + g. More precisely, we have the following. Proposition 2.1. Fix an integer n ≥ 1, and for 1 ≤ i < j ≤ d, let a i,j ∈ V /2 n V be any element whose image under ̟ 2 n+1 →2 is the element v {i,j} ∈ V /2V . a) A basis for the elementary abelian 2-group ̟ 2 n+1 (Γ(2 n )) is given by {t 2 n a i,j } 1≤i<j≤2g+1 . b) Let u ∈ ̟ 2 n+1 (G) be any element, and let σ = ̟ 2 n+1 →2 (u) ∈ S d be its image viewed as a permutation in S d . Then conjugation by u permutes the elements t 2 n a i,j ∈ ̟ 2 n+1 (Γ(2 n )) by the formula ut 2 n a i,j u −1 = t 2 n a σ(i),σ(j) .
Proof. Note that t 2 n a i,j = 1 + 2 n T {i,j} regardless of our choice of a i,j . Therefore, by the isomorphism sp(V /2V ) ∼ → ̟ 2 n+1 (Γ(2 n )) given in the above discussion, in order to prove part (a) it suffices to show that the elements T {i,j} for 1 ≤ i < j ≤ 2g +1 form a basis for sp(V /2V ). Since the cardinality of this set is 2g 2 + g, which is the dimension of sp(V /2V ), we only need to show that the set spans sp(V /2V ). Let v I ∈ V /2V be any vector, where I ⊆ {1, ..., d} is an even-cardinality subset. We claim that
This claim can be checked directly using the formula
Moreover, in the case that d is even, we note that after possibly replacing I with its compliment in {1, ..., d} we may assume that I ⊂ {1, ..., 2g + 1} and so any T I can be expressed as a sum of elements in {T {i,j} } 1≤i<j≤2g+1 . Since sp(V /2V ) is generated by such elements, this set does span sp(V /2V ), as desired.
To prove part (b), we first observe that we have
We can now show that we may reduce our problem to a study of certain subgroups of ̟ −1 4→2 (S d ). Lemma 2.2. If H ⊆ Sp(V ) is a closed subgroup satisfying ̟ 2 n+1 (H) ⊇ ̟ 2 n+1 (Γ(2 n )) for some n ≥ 1, then we have H ⊇ Γ(2 n ). Therefore, in order to prove Theorem 1.1(a), it suffices to show that if d is even, we have ̟ 4 (G) ⊃ ̟ 4 (Γ(2)).
Proof. Since H is closed, it is enough to show that ̟ 2 m+1 (H) ⊇ ̟ 2 m+1 (Γ(2 m )) for all m ≥ n. This statement is true for m = n by hypothesis; assume that it holds for m − 1 ≥ n. Then the group ̟ 2 m (H) contains the elements 1 In light of Proposition 2.1, given a fixed n ≥ 1, for 1 ≤ i < j ≤ d, we write [i, j] = [j, i] for the element t 2 n a i,j of ̟ 2 n+1 (Γ(2 n )) as given in the proposition (noting that it does not depend on the choice of a i,j ). Proposition 2.1(b) says that S d acts on ̟ 2 n+1 (Γ(2 n )) by permuting this set of generators as σ [i, j] = [σ(i), σ(j)]. Since ̟ 2 n+1 (Γ(2 n )) is elementary abelian, we treat it as a vector space over F 2 and use additive notation when expressing its elements in terms of the [i, j]'s.
which will turn out to be very crucial. Given a fixed n ≥ 1, we define N ⊂ ̟ 2 n+1 (Γ(2 n )) to be the subset consisting of all elements 1≤i<j≤2g+1 c i,j [i, j] (with c i,j = c j,i ∈ F 2 ) satisfying the following property: for 1 ≤ i ≤ 2g + 1, we have j =i c i,j = 0. It is easy to see that N is a subspace. We now present a proposition describing some properties of this subspace.
Proof. In the case that d is odd, the part (a) is trivially a restatement of the definition of N , so we assume for the moment that d is even. Let u = 1≤i<j≤d c i,j [i, j] be an element of ̟ 2 n+1 (Γ(2 n )) as in the statement, and let I ⊂ {1, ..., 2g + 1} be the subset consisting of the natural numbers k such that c k,2g+2 = 1; we note that I has even cardinality. We observe from the proof of Proposition 2.1 that we have the identity (2) [k, 2g
It is a straightforward but tedious exercise to determine that the sum of the above expressions for k ∈ I, written as 1≤i<j≤2g+1
2g +2] satisfies the property given in the statement of (a). Since this expression is equal to 0, we may add it to 1≤i<j≤d c i,j [i, j] and obtain an expansion for u in terms of the basis elements [i, j] for 1 ≤ i < j ≤ 2g + 1 which satisfies that property if and only if the expansion 1≤i<j≤d c i,j [i, j] did, thus reducing to the d odd case and proving (a).
Choose any element u ∈ ̟ 2 n+1 (Γ(2 n )), which we write as a linear combination 1≤i<j≤2g+1 c i,j [i, j] of basis vectors. For each pair of distinct i, j ≥ 2 such that c i,j = 1, we add the element [i, j] + [1, i] + [1, j] ∈ N to u until the only basis elements left appearing in the linear expansion are of the form [1, i] ; we write u ′ for this resulting vector. It follows directly from the definition of N that u ′ ∈ N if and only if u ′ = 0, which implies that u ∈ N if and only if u is the sum of elements of the form [i, j] + [i, k] + [j, k] as in the statement of (b), thus proving part (b). We also deduce from this that the 2 2g -element set of elements of the form i∈I [1, i] for all subsets I ⊆ {2, ..., 2g + 1} is a set of coset representatives for N ⊂ ̟ 2 n+1 (Γ(2 n )). Therefore, the induced quotient M has dimension 2g, implying that N has dimension (2g 2 + g) − 2g = 2g 2 − g. It is now straightforward to check that the map V /2V → M given in the statement of (c) is an isomorphism, using the fact that
Finally, the fact that the induced representation on V /2V is simply the standard representation ρ follows easily from the fact that
To prove part (d), thanks to the statement of (c) it suffices to observe that the standard representation of S d has no proper, nontrivial invariant subspaces.
Proof of the main theorem
We will now find all possible liftings of S d to subgroups of Sp(V /4V ), thus classifying all possible subgroups ̟ 4 (G) ⊂ ̟ −1 2 (S d ). We retain all previous notation, in particular letting N ⊂ ̟ 4 (Γ(2)) be the subgroup defined in §2.1.
3.1.
The possible images of G ∩ Γ(2) modulo 4. We now show that the only possibilities for the subgroup ̟ 4 (G ∩ Γ(2)) ⊆ ̟ 4 (Γ(2)) are that is the full ̟ 4 (Γ(2)) or that it coincides with N .
is a subgroup satisfying ̟ 2 (H) = S d and H ∩̟ 4 (Γ(2)) = N . We have the (strict) containment N ⊂ H. In fact, if H does not contain ̟ 4 (Γ(2)) then we have H ∩ ̟ 4 (Γ(2)) = N .
Proof. We first observe that ̟ 4 (G ∩ Γ(2)) is an S d -invariant subspace of ̟ 4 (Γ(2)) in the sense of §2.1; this follows from Proposition 2.1(b) and the fact that ̟ 4 (G) surjects onto S d . Now Proposition 2.3(d) says that the only S d -invariant subgroup of ̟ 4 (Γ(2)) strictly containing N is ̟ 4 (Γ(2)) itself; therefore, the second statement follows from the first.
Choose any transposition in S d , say σ := (1, 2) ∈ S d = S d , and let u ∈ ̟ 4 (G) be an element with ̟ 4→2 (u) = σ. Choose a vector a ∈ V /4V whose modulo-2 image is given by v {1,2} ∈ V /2V . Then it is straightforward to check that ̟ 4→2 (t a ) = σ so we have u = u ′ t a for some u ′ ∈ ̟ 4 (Γ(2)). Note that we have t 2 a = [1, 2] ∈ ̟ 4 (Γ(2)). By Proposition 2.1(a), we have u ′ = 1≤i<j≤2g+1 c i,j [i, j] for unique scalars c i,j ∈ F 2 . Using Proposition 2.1(b), we compute
where I ⊆ {3, ..., 2g + 1} is the subset consisting of all j such that c 1,j = c 2,j . If I = ∅, then the computation above shows that u = [1, 2] . It then follows from the S d -invariance of ̟ 4 (G ∩ Γ(2)) and Proposition 2.
Since these elements generate ̟ 4 (Γ(2)) by Proposition 2.1(a), we are done. We therefore assume that I = ∅ and choose a natural number k ∈ I. It is straightforward to compute that Proof. Let H ′ ⊆ H be the subgroup generated by the u σ 's. Choose any element u ∈ H, and let σ = ̟ 2 (u). Then we have uu −1 σ ∈ H ∩ ̟ 4 (Γ(2)) = N . But by applying Lemma 3.1 to H ′ , we see that N ⊂ H ′ and so u = (uu −1 σ )u σ ∈ H ′ . We thus get the desired equality H ′ = H.
3.2.
Quasi-cocycles. We now fix, once and for all, a set of elementsσ ∈ Sp(V ) for all σ ∈ S d which satisfies the following hypothesis.
Hypothesis 3.3. We assume the following. a) We have1 = 1 and ̟ 2 (σ) = σ for σ ∈ S d . b) For each transposition (i, j) ∈ S d , we have (i, j) = t a i,j for vectors a i,j ∈ V such that ̟ 2 (a i,j ) = v {i,j} ∈ V /2V . c) The a i,j 's above satisfy a i,j , a i,k ∈ {±1} and a i,j , a k,l = 0 for distinct i, j, k, l.
It is easy to see that a set of lifts satisfying Hypothesis 3.3 does exist. In practice, we shall only be concerned with lifts of transpositions, and lifts of nontrivial non-transpositions can be chosen arbitrarily. One checks straightforwardly from formulas for transvections that by Hypothesis 3.3(c), for distinct i, j, k, l, the elements (i, j) and (k, l) commute, and we have the relation
Below we write π : ̟ 4 (Γ(2)) ։ M for the quotient map with respect to N .
Definition 3.4. A quasi-cocycle is a map ϕ : S d → M satisfying the following condition:
Our motivation for introducing quasi-cocycles is the following lemma, which says that finding a subgroup of ̟ −1 2 (S d ) surjecting onto S d whose intersection with ̟ 4 (Γ(2)) coincides with N amounts to furnishing a quasi-cocycle for the representation M .
Let ϕ : S d → M be the map given by σ → π(u σ ̟ 4 (σ) −1 ). Then we have H ∩ ̟ 4 (Γ(2)) = N if and only if ϕ is a quasi-cocycle. In fact, there is a one-to-one correspondence between quasicocycles and subgroups H ⊂ ̟ −1 2 (S d ) satisfying ̟ 2 (H) = S d and H ∩ ̟ 4 (Γ(2)) = N , given by sending a quasi-cocycle ϕ : S d → M to the subgroup generated by the elements φ σ ̟ 4 (σ)), where φ σ ∈ ̟ 4 (Γ(2)) is any element such that π(φ σ ) = ϕ(σ).
Proof. Let H ⊂ ̟ −1 2 (S d ) be a subgroup generated by elements u σ as in the statement. Let φ σ = u σ ̟ 4 (σ) −1 , and let ϕ : S d → M be the map given by σ → π(φ σ ). Let σ, τ be any two elements of S d . Then we have
Writing this as an equation of the images in M yields precisely the condition in Definition 3.4. Conversely, suppose that ϕ : S d → M is a quasi-cocycle. Let u ∈ H be any element with ̟ 4→2 (u) = 1. Then u can be written as a product u σ 1 ...u σr where we have σ 1 ...σ r = 1. It follows from writing u σ i ̟ 4 (σ) −1 ∈ ϕ(σ i )+N and by relating u σ 1 ...σr with u σ 1 ...u σr by repeated applications of the condition in Definition 3.4 that we have
which implies that u ∈ N . Since u was chosen as an arbitrary element of H ∩ ̟ 4 (Γ(2)) and we have N ⊆ H ∩ ̟ 4 (Γ(2)) from Lemma 3.1, we get the desired statement. Finally, to prove the one-to-one correspondence, we note that by Corollary 3.2, a subgroup H ⊂ ̟ −1 2 (S d ) satisfying ̟ 2 (H) = S d and H ∩ ̟ 4 (Γ(2)) = N is generated by any choice of elements u σ ∈ ̟ −1 2 (σ) and therefore is induced by the quasi-cocycle ϕ : σ → π(u σ ̟ 4 (σ) −1 ). Moreover, this quasi-cocycle is unique: suppose that ϕ and ϕ ′ are two quasi-cocycles which give rise to the subgroup H ⊂ ̟ −1 2 (S d ) in this way. Then for any σ ∈ S d , we have that u σ := φ σ ̟ 4 (σ) and u ′ σ := φ ′ σ ̟ 4 (σ) are both elements of H (where π(φ σ ) = ϕ(σ) and π(φ ′ σ ) = ϕ ′ (σ)), and so we have φ ′ σ φ −1 σ ∈ H ∩ ̟ 4 (Γ(2)) = N . Thus, we have φ σ ≡ φ ′ σ (mod N ), or equivalently, ϕ(σ) = ϕ ′ (σ), and so the quasi-cocycles ϕ and ϕ ′ are equal. Lemma 3.6. Let ϕ : S d → M be a quasi-cocycle. Then the map ϕ satisfies the following conditions.
(i) We have ϕ((i, j)), v {i,j} = 1 for 1 ≤ i < j ≤ d.
(ii) We have ϕ((i, j)), v {k,l} = 0 for i, j, k, l such that {i, j} ∩ {k, l} = ∅.
Conversely, suppose that we define a map ϕ : S d → M as follows. We first assign values of ϕ ((1, j) ) for 2 ≤ j ≤ d which satisfy conditions (i) and (ii) and then, for each σ ∈ S d {(1, j)} 2≤j≤d , we write σ as a product of the generators (1, j) and apply the condition given in Definition 3.4 to determine ϕ(σ). Then the map ϕ is well defined (i.e. it does not depend on the choice of presentation of each σ as a product of generators), and ϕ is a quasi-cocycle.
Proof. It is easy to check from Definition 3.4 that any quasi-cocycle takes the trivial permutation to 0 ∈ M . Given any transposition σ = (i, j), we compute
and therefore (i) holds. Now given any transpositions σ = (i, j) and τ = (k, l) with {i, j} ∩ {k, l} = ∅ (so σ and τ commute), it is straightforward to check that ̟ 4 (σ) and ̟ 4 (τ ) commute. Let w = π(στ ( στ ) −1 ) ∈ M . We compute that
Since v {i,j} and v {k,l} are linearly independent, this implies that ϕ(τ ), v {i,j} = ϕ(σ), v {k,l} = 0, and therefore (ii) holds. Now (10)
Now suppose that we have constructed a map ϕ : S d → M according to the procedure described in the second statement. We recall that a presentation for the symmetric group S d is given by the generators (1, 2) , ..., (1, d) and relations (1, j) 2 = 1 for 2 ≤ j ≤ d and (1, j)(1, k)(1, j) = (1, k)(1, j)(1, k) for 2 ≤ j < k ≤ d. Therefore, showing that the map ϕ does not depend on particular presentations of each element σ ∈ S d {(1, j)} 2≤j≤d as a product of the (1, j)'s amounts to showing that (a) we get the same value for ϕ((1, j) 2 ) for 2 ≤ j ≤ d (which must be ϕ(1) = 0), and (b) we get the same value for ϕ((1, j)(1, k)(1, j)) and ϕ((1, k)(1, j)(1, k)) for 1 ≤ j < k ≤ d. We have proven above that (a) is equivalent to condition (i), so we set out to prove (b).
Fix distinct j, k ∈ {2, ..., d}. By applying the condition in Definition 3.4 to the product (1, j)(1, k)(1, j), we get ϕ((1, j)(1, k)(1, j)) − π • ̟ 4 (στσ( στ σ) −1 ) = ϕ((i, j)) + (i,j) ϕ((i, k)) + (i,j)(i,k) ϕ((i, j)) = ϕ((i, k)) + ϕ((i, k)), v {i,j} v {i,j} + ϕ((i, j)), v {i,k} v {i,k} + ϕ((i, j)), v {i,j} + v {i,k} v {i,j} .
By doing the same computation with (i, j) and (i, k) reversed and subtracting the resulting expression from the one in (11), and then using the identity (i, j) (i, k) (i, j) = (i, k) (i, j) (i, k) in (5), we get that (12) ϕ(στ σ) − ϕ(τ στ ) = ϕ((i, k)) + ϕ((i, j)) + ϕ((i, j)), v {j,k} v {i,j} + ϕ((i, k)), v {j,k} v {i,k} .
We claim that the above expression is equal to 0 ∈ M , as desired. Due to the nondegeneracy of the pairing ·, · on M , this follows from a verification that that the expression in (12) lies in the kernel of the pairing, which can be checked straightforwardly by pairing it with v {i,j} (and by symmetry with v {i,k} ), with v {i,l} (and by symmetry with v {j,l} ), and with v {l,m} for l, m / ∈ {i, j, k}. The map ϕ which we have obtained in the above way is clearly a quasi-cocycle by construction, and the proposition is proved. ((1, j) ) = π(c j [1, j] + 2≤k≤2g+1 [1, k] ) for 2 ≤ j ≤ 2g + 1 and determining ϕ c (σ) for σ ∈ S d {(1, j)} 2≤j≤2g+1 as in the second statement of Lemma 3.6 (by that lemma, this map is a well-defined quasi-cocycle). Then every quasi-cocycle ϕ : S d → M is equal to ϕ c for some c ∈ F 2g 2 . There are therefore precisely 2 2g subgroups H ⊂ ̟ −1 4→2 (S 2g+1 ) satisfying ̟ 2 (H) = S 2g+1 and H ∩ ̟ 4 (Γ(2)) = N . Moreover, the set of these subgroups forms a full conjugacy class of subgroups of ̟ −1 4→2 (S 2g+1 ). Proof. Suppose that we have a quasi-cocycle ϕ : S 2g+2 → M . Then condition (ii) in the statement of Lemma 3.5 implies that ϕ ((1, 2) ), 3≤i<j≤2g+2 v {i,j} = 0. But since we have v {1,2} = 3≤i<j≤2g+2 v {i,j} (see (1) and (2) and the proof of Proposition 2.1), this contradicts condition (i) given by the same lemma. Therefore there is no such quasi-cocycle. The statement about nonexistence of the subgroup H now follows from Lemma 3.5, and part (a) is proved.
It is immediate to verify that the 2 2g (distinct) maps ϕ c : S 2g+1 → M satisfy conditions (i) and (ii) for the transpositions (1, j) and are therefore quasi-cocycles by Lemma 3.6. Now let ϕ be any quasi-cocycle satisfying conditions 3.5(i), (ii) for the transpositions (1, j) . Then for each j, conditions 3.5(i), (ii) imply that (ϕ − ϕ 0 ) ((1, j) ), v {1,j} = (ϕ − ϕ 0 ) ((1, j) ), v {k,l} = 0 for all k, l / ∈ {1, j}. Thus, the vector (ϕ − ϕ 0 )((1, j)) ∈ M lies in the orthogonal complement of the subspace of M generated by {v {1,j} } ∪ {v {k,l} } k,l / ∈{1,j} , which clearly coincides with the subspace spanned by the vector v {1,j} . It follows that (ϕ − ϕ 0 )((1, j)) = c j v {1,j} for some c j ∈ F 2 , which implies that ϕ = ϕ c where c = (c 2 , ..., c 2g+1 ). The fact that these correspond to 2 2g distinct subgroups H as in the statement now follows from Lemma 3.5.
We now prove the statement about conjugacy. It is clear that conjugating any subgroup H satisfying ̟ 2 (H) = S 2g+1 and ̟ 4 (H ∩ Γ(2)) = N by any element in ̟ −1 2 (S 2g+1 ) yields another subgroup H ′ with those same properties (here we are using the fact that the S 2g+1 -invariance of N implies that N ✁ ̟ −1 2 (S d )). It remains to show that all such subgroups are conjugate. For each c ∈ F 2g 2 , we denote the subgroup of ̟ −1 2 (S d ) corresponding to ϕ c via Lemma 3.5 by H c ; we shall prove that the subgroups H c are all conjugate. Fix a vector c ∈ F 2g 2 and choose a set of generators u σ for H c with π(u σ ̟ 4 (σ)) = ϕ c (σ). For a choice of distinct i, j ∈ {1, ..., 2g + 1}, we have ̟ 4 ( (i, j)) 2 H c ̟ 4 ( (i, j)) −2 = H c ′ for some c ′ = (c ′ 2 , ...c ′ 2g+1 ) ∈ F 2g 2 . We claim that we have c ′ − c = ( v {i,j} , v {1,k} ) 2≤k≤2g+1 . Indeed, for k ∈ {2, ..., 2g + 1}, setting φ (1,k) = u (1,k) ̟ 4 ( (1, k) ), we have (13) (1,k) .
We know that ̟ 4 ( (i, j)) 2 u (1,k) ̟ 4 ( (i, j)) −2 has image (1, k) ∈ S d under π and therefore is equal k) ) ∈ M . Multiplying the expression on the right-hand side of (13) by ̟ 4 ( (1, k) ) −1 and reducing modulo N to get an expression for ϕ c ′ ((1, k) ) yields v {i,j} + (1,k) 
,k} , thus proving the claim. The above claim implies by linearity that for any u ∈ ̟ 4 (Γ(2)), if c ′ ∈ F 2g 2 is the vector such that uH c u −1 = H c ′ , then we have c ′ − c = ( π(u), v {1,k} ) 2≤k≤2g+1 . Now it follows from the nondegeneracy of the pairing ·, · on M and the fact that the v {1,k} 's form a basis for M that given any c, c ′ ∈ F 2g 2 , we may choose an element u ∈ ̟ 4 (Γ(2)) such that ( π(u), v {1,k} ) 2≤k≤2g+1 = c ′ − c and thus uH c u −1 = H c ′ . The desired statement is proved.
An application
We now present a corollary of Theorem 1.1(a), which is a purely elementary statement regarding roots of even-degree polynomials with full Galois group. Theorem 4.1. Let K be a field of characteristic different from 2; and let f (x) ∈ K[x] be a separable polynomial of even degree d ≥ 6 whose Galois group coincides with S d ; and let L be the splitting field of f over K. Assume that the discriminant ∆ of f does not lie in −K 2 . Write α 1 , ..., α d ∈ L for the roots of f . Then the image modulo (L × ) 2 of the set of elements α j − α i ∈ L × for 1 ≤ i < j ≤ d is independent in the multiplicative group L × /(L × ) 2 .
Proof. We first assume that √ −1 / ∈ K. Then we must have √ −1 / ∈ L as well, because otherwise the unique quadratic subextension K( √ ∆)/K would coincide with K( √ −1), which would violate the hypothesis that ∆ / ∈ −K 2 . It follows that K( √ −1) ∩ L = K, so L( √ −1) is the splitting field of f over K( √ −1) and the Galois group of f over K( √ −1) is still S d . If the statement of the corollary is true when K is replaced by K( √ −1), then it clearly holds over K as well (since independence modulo (L( √ −1) × ) 2 is stronger than independence modulo (L × ) 2 ). In light of this, we will assume for the rest of the proof that √ −1 ∈ K. The statement of the corollary amounts to saying that no product of elements in a nonempty subset of {α j − α i } 1≤i<j≤d is a square in L. We first show that ± 1≤i<j≤d (α j − α i ) is not a square in L. We first observe that the square of this product is the discriminant ∆ of f , so the claim amounts to saying that L does not contain a 4th root of ∆. Suppose that 4 √ ∆ ∈ L. Since Gal(L/K) is not contained in A d , we have that √ ∆ / ∈ K. It follows that the extension K( 4 √ ∆)/K has Galois group isomorphic to Z/4Z, which does not appear as a quotient of Gal(L/K) = S d , so we have a contradiction.
. We claim that if the α i 's are chosen "generically" (i.e. if there is a field k ⊂ K such that the α i 's are transcendental and independent over k, with L = k({α i } 1≤i<j≤d ) and K ⊂ L being the subfield fixed under all permutations of the α i 's), then there is a free Z 2 -module V of rank (d/2−1) equipped with a nondegenerate alternating bilinear pairing such that Gal(L ′ /K) = H := ̟ −1 4→2 (S d ) ⊂ Sp(V /4V ), with Gal(L ′ /L) ⊂ Gal(L ′ /K) corresponding to ̟ 4 (Γ(2)) ⊂ H. In fact, it is possible to verify this claim directly, but in any case it follows from the description of the 4-division field of the Jacobian of the hyperelliptic curve defined by y 2 = f (x) in [6, Theorem 2.4] , in which case V is the 2-adic Tate module T 2 . This implies that without the "genericness" assumption, we have an inclusion Gal(L ′ /K) ֒→ H such that the subgroup corresponding to Gal(L ′ /L) coincides with the intersection of Gal(L ′ /K) ⊆ H with ̟ 4 (Γ(2)). Since the image of Gal(L ′ /K) ⊆ H modulo ̟ 4 (Γ(2)) is Gal(L/K) ⊆ ̟ 2 (H) = S d , which is isomorphic to S d by our assumption on the Galois group of f , we have ̟ 2 (Gal(L ′ /K)) = S d . Theorem 1.1(a) then implies that Gal(L ′ /K) contains ̟ 4 (Γ(2)) ⊂ H (or equivalently, that Gal(L ′ /K) = H). It follows that Gal(L ′ /L) = ̟ 4 (Γ(2)), which in turn is isomorphic to (Z/2Z) (d−1)(d−2)/2 by [4, Corollary 2.2] and its proof. Thus, the extension L ′ is generated over L by the square roots of (d − 1)(d − 2)/2 elements of L × which are independent modulo (L × ) 2 . It then follows from the definition of L ′ that the (d − 1)(d − 2)/2-element set {γ i,j } 1≤i<j≤d−1 is independent modulo (L × ) 2 .
Now suppose that we are given a subset I ′ ⊆ I := {(i, j) ∈ {1, ..., d} 2 | i < j} such that (i,j)∈I (α j − α i ) = a 2 for some a ∈ L. Note that for any permutation σ ∈ S d = Gal(L/K), the element (i,j)∈I (α σ(j) − α σ(i) ) = ( σ a) 2 lies in L 2 . We will now show that I ′ = ∅, which directly implies the statement of the corollary. Suppose that I ′ = ∅. We showed above that 1≤i<j≤d (α j − α i ) / ∈ L 2 , which implies that I ′ = I. Therefore, there exist distinct natural numbers q, r, s ∈ {1, ..., d} such that (q, r) ∈ I ′ but (q, s), (s, q) / ∈ I ′ . Then we have (i,j)∈I ′ (α j − α i )(α σ(j) − α σ(i) ) ∈ L 2 , where σ is the transposition (r, s). It is straightforward to check that (14) 1 ≡ (i,j)∈I ′ (α j − α i )(α σ(j) − α σ(i) ) ≡ (i,j)∈I×{r,s} (α j − α i ) (mod (L × ) 2 ) for some subset I ⊂ {1, ..., d} {r, s} with q ∈ I.
First suppose that I has even cardinality. Then it follows from a straightforward computation that the element on the right-hand side of (14) is equivalent modulo (L × ) 2 to (i,j)∈I×{r,s} γ i,j . But (14) says that this is equivalent to 1, which contradicts the independence of the γ i,j 's. Now suppose that I has odd cardinality. Then I {1, ..., d} {r, s}. Choose t ∈ {1, ..., d} ({r, s} ∪ I), and let τ ∈ S d be the transposition (q, t). We then have (15) 1 ≡ (i,j)∈I×{r,s} (α j − α i )(α τ (j) − α τ (i) ) ≡ (i,j)∈{q,t}×{r,s} (α j − α i ) (mod (L × ) 2 ).
Now similarly, the element on the right-hand side is equivalent modulo (L × ) 2 to (i,j)∈{q,t}×{r,s} γ i,j , and (15) contradicts the independence of the γ i,j 's.
